Destruction of recursive trees
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ABSTRACT: We study, for the family of recursive trees, two procedures
that destroy trees by successively removing edges. In both variants, one starts with
a tree T of size n and chooses one of the n — 1 edges at random. Removing this
edge costs a toll depending on the size of T, given by the toll function t,, and leads
to two subtrees T' and T". In the one-sided variant, the edge-removal procedure
will be iterated with the subtree containing the root, whereas in the two-sided
variant it will be iterated with both subtrees. For both variants, we study for toll
functions t, = n® with a > 0 the total costs (= sum of the tolls of every step)
obtained by completely destroying random recursive trees, where we compute for
this quantity the asymptotic behaviour of all moments.

1 Introduction

In this paper, we are considering two recursive edge-removal procedures P1 (“one-
sided destructions”) and P2 (“two-sided destructions”) to destroy (rooted) trees.
Both variants start with a tree T of size |T'| = n, where the size measures as usual
the number of nodes of T'. If n = 1 there are no edges that can be removed and
both procedures P1 and P2 stop, but we assume that this costs the toll ¢;. If
n > 2, then one of the n — 1 edges in the tree will be chosen and afterwards this
edge will be removed from 7. We assume now that removing this edge costs a
certain toll depending on the size of T" and which is given by the toll function ¢,,.
After removing this edge, the original tree T falls into two subtrees 7" and 1" with
sizes 1 < |T7],|T"| < n—1, where one of them (let us assume 7”) contains the root
of T'. In the two-sided variant P2, the edge-removal procedure will now be applied
recursively to both subtrees 7' and T”, whereas in the one-sided variant P1, the
edge-removal procedure (in [7] called “cutting-down”) will only be applied to the
subtree T” that contains the root.

Thus the procedure P2 terminates and 7' has been destroyed by P2, when
all n — 1 edges are removed from T, whereas P1 terminates and thus 7" has been
destroyed by P1, when the root of T' has been isolated. We are now interested in
the total costs (= sum of the costs of every edge-removal step) C1(T) resp. Ca(T')
that occur when destroying a tree T' by P1 resp. P2. Of course, these quantities
are for |T| > 2 given recursively by

C(T) = Cl(T/) + {7, resp. Cy(T) = CQ(T/) + CQ(TN) + 1), (1)

where T', T" are the subtrees appearing after the first edge-removal step and T’
contains the root of T. If |T'| = 1 then C1(T) = C3(T) = t1. An example for
destroying a tree by P1 resp. P2 is given in Figure 1.1.

In this paper, we study for toll functions ¢, = n® with « > 0 the random
variables X,, (resp. Y;,), which measure the total costs that accumulate when de-
stroying a random recursive tree of size n by the random edge-removal procedures
P1 (resp. P2). The tree family considered and the probability model used are
described next.



The family of recursive trees can be defined in the following way. A rooted
labelled tree T of size n with labels 1,2,...,n is a recursive tree, if the root is
labelled with 1, and for each node v holds that the labels of the vertices on the
unique path from the root to v form an increasing sequence. It is seen easily that
there are T;, = (n—1)! different size-n recursive trees. As the model of randomness
we use the random tree model, which means that every recursive tree of size n can
be chosen as input for the edge-removal procedures with equal probability ﬁ

We speak then about random recursive trees or uniform recursive trees. For a
survey of applications and results on random recursive trees see [5].

Further, we will always assume for P1 resp. P2 that the removed edges are
at each stage chosen at random from the remaining tree. We speak thus about the
random edge-removal procedures.

If one chooses the toll function ¢,, = 1 for n > 2 with t; = 0, then X,, measures
exactly the number of edges that are removed by the cutting-down procedure P1
to destroy a random size-n tree. This quantity was studied by Meir and Moon in
[7], where they obtained the following results for the first two moments: E(X,,) ~

logn and ]E(X?l) log n’
quantity X, was also studied for other tree families, see e. g. [6, 8]. For unrooted
labelled trees, the (corresponding) quantity Y, was studied for a few toll functions

t, in [4] and for general toll functions ¢, = n® in [1].

Choosing the toll function ¢, = 1, the (corresponding)

Figure 1.1
Destruction of a tree T of size 7 by the procedures P1 and P2. Using the toll
function t,, = n for n > 1, the one-sided destruction has total costs C1(T) = 17
and the two-sided destruction has total costs Co(T) = 28. Here, € denotes the
empty tree.
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2 Results and mathematical preliminaries

We analyzed the behaviour of the moments E(X3) resp. E(Y,) of the total costs
when destroying size-n recursive trees with procedures P1 resp. P2 for toll func-
tions ¢, = n® with @ > Oresp. a > 0 (o = 0 for Y, is trivial, since then Y,, = 2n—1)
and have obtained the following results. Here H,, := >_}_, % denotes as usual the
n-th harmonic number and ¥(z) := 4L logT'(z) denotes the Psi-function.

Theorem 2.1 The s-th moments E(X3) resp. s-th centered moments E([X,, —

IE(Xn)]S) of the total costs X,, incurred by one-sided destructions of random re-
cursive trees for toll functions t, = n® with o > 0 are, for s an integer and



n — 0o, asymptotically given by
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Theorem 2.2 The s-th moments E(Y,$) resp. s-th centered moments E([Y,, —

E(Y,)]*) of the total costs Y, incurred by two-sided destructions of random recur-
sive trees for toll functions t, = n® with o > 0 are, for s an integer and n — oo,
asymptotically given by
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where the appearing constants s and 05 are given by
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From these theorems follow that for the toll ¢, = n® the r. v. T

resp. %Yn converge in probability to 1 with convergence of all moments.

Furthermore, if W, (resp. W,,) denotes a zero-mean and unit-variance normaliza-

tion of X, (resp. Yy,), then W,, (resp. Wn) has s-th moments growing like log? "1 n

for s > 2. This shows that if W, (resp. W,,) has a limiting distribution, this cannot
be established by the method of moments. It remains still open whether there ex-
ists a limiting distribution for some centered and scaled version of X,, (resp. Y;,).
Also it seems surprising, that we do not have a lead-order discrepancy between
X, and Y,,, although it holds of course Y,, > X,.

To prove Theorem 2.1 and Theorem 2.2, we use a recursive approach, as it
was done for one-sided destructions and the special toll function ¢, = 1 in [7].
That this recursive approach is indeed permitted is stated in Lemma 3.1. The
appearing distribution recurrences (6) lead to recurrences (8) and (12) for the s-th



moments. Using generating functions, we obtain differential equations for every
s-th moment that can be solved, where the solutions (11) and (15) are composed of
the operations differentiation, integration and the Hadamard product of generating
functions of the lower moments and the toll function. The Hadamard product
F(z) ® G(z) of generating functions F(z) = Y, -, faz™ and G(2) = >, oo gn2"
is defined by F(z) ® G(2) := )_,~¢ fngn2z". Moreover we use in this paper the
abbreviation F'®%(z) := F(2) ©--- © F(z) =Y ,,5¢ f32™.

s times

To extract the asymptotic information from the solutions (11) and (15) we
cannot use the extension of the “singularity-analysis-toolbox” given in [1], since
the theorems shown therein deal only with positive integral powers of logarith-
mic terms whereas here occur negative powers. Thus we will go back to a quite
elementary, but here efficient approach that computes the asymptotic growth di-
rectly at the level of the coefficients. This has the advantage that the effect of
the operations integration, differentiation and Hadamard product to the growth
of the coefficients can be described easily, whereas of course difficulties may arise
when computing the growth of the coefficients of the Cauchy product. But for the
problem considered here, the two summation formulee (16) and (17) are sufficient.
Using them, the computations for one-sided destructions are done in Section 5 and
(only sketched) for two-sided destructions in Section 6.

3 Recurrences for the quantities considered
The basic idea in our approach is to study the distribution recurrences
Xo & Xpe, +ny 22, X1 =ty Yo £ Vi, + Vo i, +1n, n>2, Y1 =11, (6)

where Y,, and Y,, are identically and independently distributed random variables
and K, is independent of X,,, Y}, and Y},. The random variable K, will be given
by the splitting probabilities p,, , := P{K,, = k}, for 1 <k <n — 1, where p,, j is
the probability that after removing a random edge from a size-n random recursive
tree, the subtree containing the root has size k.

To reduce this problem to a study of (6), it is of course necessary that ran-
domness is preserved by cutting-off a random edge. This means that after removing
a randomly selected edge from a size-n random recursive tree, the remaining sub-
trees with sizes k resp. n — k are after natural-order-preserving relabellings of the
nodes with labels {1,...,k} resp. {1,...,n — k} again random recursive trees of
sizes k resp. n — k. This property of random recursive trees was shown implicitly in
[7] when computing the splitting probabilities p,, k. Since this is a crucial point in
our approach, we will restate their proof. Thus randomness is actually preserved
by cutting-off a random edge and the recurrences (6) follow directly from (1).

Lemma 3.1 (Meir and Moon, 1974) Let us assume that we choose a random
recursive tree T of size n and also one of its n — 1 edges at random, and after
removing this edge, the remaining subtrees T resp. T are of sizes k resp. n — k,
where we further assume that T’ contains the root of T. Then it holds that, after
an order-preserving relabelling of the nodes, both subtrees are random recursive
trees of sizes k resp. n — k and the splitting probabilities p, j, are given by

n

(n—D(n—k)(n—k+1)

Pnk = fO’I‘ 1<k<n-1. (7)



Proof. Starting with a size-n recursive tree and removing one of its n — 1 edges, we
obtain a subtree T” of size 1 < k < n — 1 which contains the root of 7' and another
subtree T of size n — k. After the order-preserving relabellings, we can consider
both subtrees as recursive trees. Now we want to count, how often we can obtain a
particular pair (77, T") of recursive trees with sizes k resp. n — k, when removing
one edge of recursive trees of size n. It will turn out that this quantity w(T”,T7")
depends only on the sizes k and n, not on the particular chosen trees T’ and T"
and the lemma will be proven. Equivalently we can go the other way around and
ask, in how many ways w(T”,T") can we reconstruct size-n recursive trees from the
pair (7", T"). Let us assume that the removed edge originally connected the root
of T with the node with label j in 7. Then all n— k nodes in 7" must have labels

larger than j. We have thus (Z:i) possibilities to select them from {j +1,...,n}
and distribute them order preserving to 7", whereas the remaining k — j labels
from {j+1,...,n} are distributed order preserving to the nodes of T’ with labels

larger than j. This gives in that case (Z:{c) different size-n recursive trees. By

summing up we find that independently from the pair 77 and 7", we always have
w(T',T") = Z?Zl (Z:i) = (kfl) and therefore randomness is preserved.

Due to the given bijection between pairs of recursive trees with sizes k and
n — k and the pairs consisting of a size-n recursive tree and one of its n — 1 edges,

we obtain the equations Zz;ll (kfl)Tan,k = (n—-1)T, and p,, 1, = (kﬁl) (Zk_Tl”)al“ .

Thus (7) is also shown.
O
From the distribution recurrence (6), we obtain then the following recurrences

for the s-th moments ,u7[f] = E(X;) of X,:

n—1
=B )= 3 (D)aeei) = () Dk
k=1

S1+s2=s S1+s2=s

We write them as
n—1

=S poul +78), forn>2, Wl =4, ®)
k=1

. 71 2
with rlf) = Zsl-i-sé:s, (Ssl)tff o1 pn’kufﬂ.
S§2< 8

Introducing the generating functions resp. the common abbreviation

s s Zn n s s Zn 1
p@) =Dl ) = Yt () =Y (- D L(z) = log £

)
—Z
n>1 n>1 n>2

we obtain from (8) by multiplying with “~12" and summing up:

sn_l n d s s
Do = el (2) - ),

Y e = () - 0 9L),
M= 3 (R 0 [(La @) (s - (1 - 2)Le)] (9)
s1+s2=s



This gives thus the differential equation

(1 = L) (z) — b (2) = 79 2), (10)

where 7[°1(2) is given by (9). Solving and adapting to the initial condition
di,u[s](z)| = u[l‘g] = t3, we obtain the solution
z z=0

<l
() = L(z ) e L(z).
HE) = 1) [ B+ L) (1)

Analogously we obtain from the distribution recurrence (6) the following
recurrences for the s-th moments /\[ = IE(YS) of Yy,:

NS =B(Yi, + Yook, +1°) = > ( § >t31zpn, Als2l\[ss]

S1, 82,8
s1+satsg=s \O171°29°3 k=1

We write them as
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k=1
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With the generating function AL Z A S];, we obtain from (12) by
n>1

multiplying with ”T_lz" and summing up:
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This leads to the following equation with r*/(z) given by (13):

1 z
(1— z)L(z)diA[sl (2) = Ald(z) - 1 / A @ydt = rl(z). (1)
z —Z
By introducing the functions Al*l(z) := AN (2) =30y Al =1 this equa-
tion can be transformed to the first order differential equation

ﬁk[s]( z) — mdz((lfz)r[s]( z)),




which has by adapting to the initial condition Al*J(0) = )\[18] = t% the solution

Wiy = — [ LDy g)ar+
W) = s [ gm0 e gl 09)

4 Summation lemmata

Essential to our approach are the following auxiliary formulee to control the asymp-
totic growth of the appearing convolutions.

Lemma 4.1 For «,f3,p,q € R with o, > —1 and p,q > 0 the following expan-
stons hold:

n—2

Z kﬁ (n— k) P D+ DI(B+1)
log k) logP’(n—k) logPtin T(a+B+2) (16)
U _
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Proof. To obtain (16), we start with the following expansion:
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log2 n log“n

The appearing sums can be considered as Riemann sums for the Beta integral
resp. their derivatives. As examples, we give the following two computations:

n—|logn]
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-t +o(G) +o(RE),
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i O (LletDI(B+1) ) _ Lla+DT(B+1)
where we obtain %( e io D) ) = “FNaiptD (¥(B+1)—¥(a+8+2).
Analogously one can treat the remaining sums which leads eventually to (16).
It remains to prove (17). We start with dissecting the summation interval

n—2 a eyl _
Z (n — k) = li (n—k)* + "22 (n—k)*
— k(k — 1)log"(n — k) =, Fk(k—1)logP(n—Fk) bl 41 k(k—1)logP (n—k)
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where the remainder bounds are coming from the estimate 10(;1?:)72) =0O( logzn )+

O(1), which combines bounds for @« > 0 and o < 0 in the considered range

Llog7zJ < k < n — 2. The remaining sum can be evaluated asymptotically which

gives the main term in (17):
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5 Omne-sided destructions

Now we want to prove the results of Theorem 2.1 concerning the asymptotic be-
haviour of the s-th moments of the total costs X,, when destroying random recur-
sive trees with toll functions t,, = n®, for n > 2 with a > 0 and ¢; = 0. Choosing
t; = 0 instead of t; = 1 has of course no influence to the stated asymptotic be-
haviour (X} = X,, + 1, if X} measures the total costs with toll function ¢,, = n%,
for n > 1), but (11) is then slightly simpler.

In order to reduce extracting coefficients from (11) to an application of for-
mulae (16) and (17) and to avoid dealing with convolutions of functions growing as

n~!, we introduce the generating functions il*l(z) := Lull(z) = 3 o, gkl zn—1

and differentiate (11):

I )
M = T T L T (18)

where 7*1(2) is given by (9) with there appearing functions t(z) = Do N2
Now we want to show the expansion (2) by induction, where we additionally
use, for 3, ¢ > 0, the asymptotic growth of the coefficients (see [2])

n 1 _ ! q%(3) 1
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We further use the trivial effect to the growth of the coefficients when differenti-
ating and integrating generating functions F'(z) = Zn>2 fnz™ with f, = n?

logq n’

1L i = (14 0). IR = o (140()- G0

don>1 % = L(z) and r(2) = t(z) ® [

11—z

Since pl(z) =

L(z)], we obtain
7—1—L(z)) = 1—l [2")r(2) = n®—n2=1 forn > 2
1—2 n’ ’ -

Now we use (16) and (19) to obtain
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We proceed with | j; = t)fg(t)

dt = a+1 log — + O(log ) and another
application of the convolution formula (16)

n 1 : r[l]( ) _ 1 = (n — k)a n=2 (n—k)~
[Z]l—z/ (1—1t)L2 (t)dt_a+1kz_210g2(n—k)+o(kz1 )
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Adding (21) and (22), we obtain finally
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+0 ).
a+1logn (a+1)2 log?n <10g3 n

Substituting n — 1 for n, it follows that expansion (2) is valid for s =1

Now we assume that for a given s > 2, all moments E(X]) = um with
1 < r < s have the expansion (2). We want to compute then the asymptotic



growth of the coefficients [2"]r[*)(z). To do this, we use [2"]t®*!(z) = n*'® and the
expansion given below which follows from (17) and (20):
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Thus for s; + so = s and the restriction 0 < s < s, we can describe the
growth of the summands of [2"]r[*](2):
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Therefore the maximum is obtained when choosing so = s — 1 and the other
contributions are asymptotically negligible. This leads to the required expansion
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Then by applying (16) and (19), we obtain after some easy manipulations
the following expansion:
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(23)
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Analogously we obtain
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We proceed with [z ft 0 = t)ég(t) dt = (QH)S log5+1 —l—(’)( oz ) and obtain
again by using the convolution formula the expansion
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Adding (23) and (24), we obtain
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Substituting n — 1 for n, it follows that expansion (2) is valid also for s.
To show the formula (3) for the centered moments, we plug in the asymptotic
expansion (2) for the ordinary moments and get
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Since it holds for s > 1 (see e. g. [3, p. 187fl]):

S

ISR

k=0
;(Z)(—l)s’“é@(l(a—i—l lzl<s ) D0 (1 + 1) (a + 1)),

and for s > 2: 37 o (5)(=1)*F =37 (7)(=1)*""k = 0, we obtain (3).
For the special case o = 0, where X,, counts the number of removed edges
until the root is isolated, we obtain due to further simplifications
S S nS

s n n
E(Xn):10g5n+((5+1)H 75)m+0(m), fOI'SZl,

11



E([X, - E(X,)]*) = (s(_li; log?jl —+0( :

n

, fors>2.
logs+2n) -

Here ~y denotes as usual the Euler-constant.
We denote also the case o = 1, where removing an edge of a tree T’ costs
exactly the size |T| of T

1 n? $Ho+ (2s+1)Hos — (14 27)s  n?® n2*
E(X;) = = z for s > 1
(Xn) 25 log®n 2s+1 log*™ n + O(logs'~'2n>7 ors =4
s (_l)s 4571 n2s n2s
E([Xn — E(X0)]°) = 1 fors > 2.
(l (Xn)]°) 511 (s—l)s< + (23;1)>10g5+1n+O<logs+2n> or s >

We want to remark further that with the approach used here, one can also deal
with logarithmic toll functions ¢, = log? n and compute the asymptotic behaviour
of the moments E(X?), where again one cannot deduce a limiting distribution.

6 Two-sided destructions

Here we sketch the proof of Theorem 2.2 concerning the asymptotic behaviour of
the s-th moments of the total costs Y,, when destroying random recursive trees
with toll functions t,, = n®, for n > 2 with & > 0 and ¢t; = 0. Again choosing t; = 0
instead of ¢; = 1 has no influence to the stated asymptotic behaviour (Y, = Y,,+n,
if V¥ measures the total costs with toll function ¢, = n®, for n > 1).

To reduce extracting coefficients from (15) to an application of the convolu-
tion formula (16), we write equation (15) as

~ T'[S] z z
) = T+ e L, o

2 z 1 t .
+ (1—,2)2 ~/t:0 (1_t)L3(t) A:Or[ ](u)dudt,

where 715(2) is given by (13) with there appearing functions t(z) = 3" ., n%z".

(25)

To start the proof of the expansion (4) by induction, we consider A (z) =
> ns1 5 = L(2) and obtain as in Section 5: r[!l(2) = #(2) © [{&; — 1 — L(2)] and

1—2

we can use the expansion for [2"]r[(2) given there. Also (21) is of interest.
Thus [2"] [, rl(t)dt = n®~' + O(n*2) and we obtain with (16) and (19)

» 1 1 _ notl notl
[="] (1—2)2L2%(2) /t:O (£)dt ala+1)log?n * O( )

and by other two applications of the convolution formula also

M [ e | eama=o(). e
=22 S =023 Juo T T o)
Adding (21), (26) and (27), we obtain finally

- 26
1og‘3 n (26)

1 na+1

nr ozl —
A1 = [2"]A (z)_a+1logn+<a(

1 1 U(o+ 1)> notl O< notl )

J’_
a+1l) (a+1)?2 a+1 /log?n log®n

12



Substituting n — 1 for n, it follows that expansion (4) is valid for s = 1.

Now we assume that for a given s > 2, all moments E(Y,)) = A with
1 < r < s have the expansion (4). To compute the asymptotic growth of the
coefficients [2"]r*](2), we use [2"]t®%1(z) = n*1® and the following consequences
of (16), (17) and (19), where the =, are given in Theorem 2.2:

[z"] (d%x[sﬂ(z)) /t ; Alsl(ydt =

P(sz(a +1)+ 1)P(33(a +1)— 1) n(s2+s3)(at1)—1
(o + 1)52+53F((52 + s3)(a+ 1)) log®2t93 n

(1 + (’)(@)), for 0 < s2,83 < s,

1 nsg(a«kl)fl o 1 ;
. @+ D5 (sar)—1) log®n ( + (logn)>’ orsz =0, 0<s3 <s,
1 ns2(atl) ns2(atl)

1
+’732l SoF1 ( +O(@)>, fOI‘0<$2<S7 83:0,

° (a+1)%2 log®n
1
. 1+O(ﬁ)’ for s =0, s3 =0.

Thus for s; 4+ s3 + s3 = s and the restrictions 0 < sg, s3 < s, we can describe
the growth of the summands of [2"]r[*(2):

[Zn] ( S )t@sl o 32] / A [s3] dt
51, $2, S3

(s2(a+ 1)+ 1)F(33(a + 1) — 1) pratsztsa—l 1
<31, s2, 53> (o +1)s2+53T ((s2 + s3)(a + 1)) log*>+*3 n <1 + O(logn))

for 0 < s2,s3 < s,

1 nsa+33—1 O 1 f
1 —_— ), =0,0 ,
(a+1)%3(ss(a+1)—1) log®n ( * (logn) or 82 <8<

nsa+52 s nsa+52 1 O 1 f 0 0
Oé+1 So 10g32n+ 81 ’VszlogSQ_‘_ln( + (logn))y orl <s2<s, s3=0,

Sa( +(’)( )), for s =0, s3 =0.

Therefore the maximum is obtained when choosing s3 = 0 and s; = s — 1,
but additionally the instances s; = 0 and 0 < s3,s3 < s give contributions to the
second order term. We get thus the expansion

s ns(a«kl)fl ns(a+1)71

ny,.[s] _ 5 10)
) = i e+ 5 e + O

ns(a+1)71 )
log*tin /'

L s—1 7o D(j(a+1)+1)T((s—j)(a+1)—1
with 5, = 57,21+ 3252, () : <a+1>)gr((s<aj+1>) |

applying (16) and (19) the following expansions:

. This gives by repeatedly

_ 1 ns((x+1) W(s(a+1)) ns(a+1) ns(u+1)
[Z ] (1— z)L T (a+1)% logsn (a41)s + (a+1)‘5+1 + b(a+1) logs+1n +0 logst2n )7

[Zn] 1 /z T[S](t)dt_ 1 ns(a+1) +O( s(a+1))
T o @ D)@+ -Diog n ~\iog™n)
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ns(a+1) )

2 = 1 t
" ) dudt = O ———).
[= ](1 —2)? /t:[) (1 —t)log® ﬁ /u:()r (u) du (1ogSJr2 n

Combining these results and using (25) we obtain

1 ns(a+1) ns(a+1) < ns(a+1) )

+ Vs

A =
(a+1)s log°n log*t'n

log*t2n/’

where 7, satisfies for s > 1 the following recurrence with inital value ~q := 0:

Vs—1 \IJ(S(O('*' 1)) 1 + 1
a+1 (a+1)s (a4 1)t (a+1)(s(a+1)—1)

E]

1 W Tlla+1)+1)0((s —j)(a+1)—1)
(a+1)° 2 () (s(a+1)+1) '

Vs =

+

Jj=1

Solving this recurrence leads exactly to the expression for 7, given in Theorem 2.2.
Analogous computations as in Section 5 leads from (4) to the stated result (5) for
the centered moments.
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