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Introduction

Variational approximation is based on the truncation of infinitely dimensiona phase space of a dynamica system
by the means of trial solution anzatz with the subsequent variational procedure for the finite set of anzatz parame-
ters (see Refs.)
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Ankiewicz, et d., Opt. Fiber Technology 13, 91 (2007); S.K.Turitsyn, et a., Phys, Reports 521, Issue 4 (2012).

We will consider a redization of this procedure on the examples of chirp-free solitons developing in the one-
dimensional distributed dissipative systems, which simulate a mode-locked laser operating in the anomalous
dispersion regime and correspond to the complex nonlinear Ginzburg-Landau equation [N.N.Akhmediev,
A.Ankiewicz (Eds.), Dissipative Solitons (Springer, 2005)]. The instantaneous response of dissipative system can
be considered as an approximated model for the so-called Kerr-lens mode locking mechanism [R. Paschotta
Encyclopedia of Laser Physics and Technology (John Wiley & Sons, 2008)]. We will attend especially to the issue
of the soliton energy scaability, which is of interest for high-field generation directly from alaser [T. Suedmeyer,
et a., Nature Photon. 2, 599 (2002)].

Needs [" Vari ati onal Met hods™ " ]

True soliton

The modern methods of ultra short pulse generation use the so-called dispersion compensation technique [F. X.
Kaertner (Ed.). Few-Cycle Laser Pulse Generation and Its Applications (Springer-Verlag, 2004)]. The master
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equation modelling this technique is the nonlinear Schroedinger equation [Y.S. Kivshar, G.P. Agrawal. Optical
Solitons: From Fibers To Photonic Crystals (Elsevier, 2003)]. Lagrangian density for the nonlinear Schroedinger
eguation is (x is the propagation coordinate, t isthe local time, 8 isthe net group-delay dispersion, and y is the self-
phase modulation coefficient)

L=—]21 (AL[X, t] %0y A[X, t]-A[X, t] %08y AL[X, t]) -

1 1
— yAL[X, t]2%A[X, t]12+— B8 A[X, t]*8; AL[X, t]
2 2

1
YA[X, t]2AL[x, t]%2+—BACDL [x, t ] ALO®Y [x, t]+
2

i (AL, t1T AT x, t]-AX, t] ALY [x, t])

NIk NP

Corresponding Euler-Lagrange equations result in the nonlinear Schroedinger equation for the field A and the
complex-conjugated field Al

Expand [Eul er Equati ons[L, {A[x, t], AL[x, t1}, {X, t}]]

1
{—yA[X, t]AL[X, t12-= BAL®2 [x, t]-iALLO [x, t] =0,
2

1
Y AX, t]2AL[X, t]-— BA®2 [x, t]+1 AL [x, t] :o}
2

Substitution of the trial sech-function with varying amplitude a, width T, and phase ¢ gives the Lagrangian density

t
AlX_, t_1:=a[X] SeCh[m] EXplié[Xx]]

t
AL[X_, t_]:=a[X] Sech[m] EXp[-i ¢[X]]

L2=L // FullSinplify

2Sech[ ]20([x]2

stech[_l_

2T[x] T[x]

The corresponding reduced Lagrangian is

L2reduced = I ntegrate[L2, {t, -, o}, Assunptions -
t e Real s&&T[x] € Real s & T[X] > 0&& a[X] € Real s && a[x] > 0&& ¢[x] € Real s]

alx]? (B-2T[x]1? (ya[x]?+3 ¢ [x]))
3T[x]

Hence, the Euler-Lagrange equations are
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Eul er 1 = Eul er Equati ons [L2r educed, {a[x], T[X], &[x]1}, X]

2alx] (B-2T[x1% (2ya[x]?+3¢ [x])) o
{ 3T[x] -
a[x]? (B+2T[x]? (ya[x]2+3 ¢ [x]))

_ =0, 2a[X] (a[x] T'[x] +2T[x] & [X]) = }
3T[x]2

eql = Eulerl[[1]]

eq2 = Eulerl1[[2]]

eq3 = Euler1[[3]]

2a[x] (B-2T[x12 (2ya[x]2+3¢'[x])) o

2a[X] (a[X] T'[x] +2T[x] a’ [x]) =0

After some simplifications, one has

eqd =Sinplify[eql, {T[x] #0, a[x] # 0}]
eq5 =Sinplify[eg2, {T[x] #0, a[x] # 0}]
eq6 = Expand[eq3]

T(x]% (4vya[x]?+6¢'[x]) =

B+2T[x]12 (va[x]?2+3¢ [x]) =0

20 [X]2 T [X] + 4 T[X] a[X] o’ [X] = O

Final equations are (note that eg6 is the energy conservation law)

Sol ve[{eq4, eq5}, {a[x], &' [X]}] // FullSinmplify
Sol ve[eq6, T' [x]] // Full Sinplify

These equations represent the so-called Schroedinger soliton when both 9, T and 9y a=0.

Kantorovitch's method
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1) Perfectly saturable absorber

Firstly, let’s consider the so-called perfectly saturable absorber which loss coefficient decreases monotonicaly with

o . . . A , p inZAAL .
power. The dissipative term in this case is read as. Q= -il’A + L—1+o'f;AAldt (A +70t A +—1+{AA1 A (T isthe

unsaturable loss, p isthe gain for asmall signa, o isthe inverse energy of gain saturation, 7 is the squared inverse
gain-bandwidth, u is the saturable absorber modulation depth, ¢ is the inverse loss saturation power). The Q-term
and the functional derivatives of the complex-conjugated field are

Q=-1TA[X, t]+
ip/ (l+olntegrate[A[X, t]1*AL[Xx, t], {t, -, ®}, Assunptions -»t € Real s &&
T[Xx] € Real s & T[Xx] > 0&& a[x] € Real s & a[x] > 0&& ¢[x] € Real s]) =
ipu (EALX, t]*AL[X, t]) A[X, t]
1+Z8A[X, t]*AL[X, t]
ul = Vari ational D[AL[Xx, t], a[x], X]
u2 = Vari ational D[AL[x, t], T[x], X]
u3 = Vari ational D[AL[Xx, t]1, ¢[x], X]

(A[X, t1+Td ¢ A[X, t]) +

. 3
iel®x] g’uSech[ﬁ} a[x]3

ﬂieﬁ"’mrSech[ }a[x}+ , &
TIx] 1+§Sech[ﬁ} a[x]?
i ¢[X] t 13
t e’ Sech[T—} a[X]
. (x]
ip |et?X] Sech[ ]O([X]+'C - +
[x] Tix]2

e 100X ¢ Sech{ﬁ] Tanh[ﬁ} a[X]

The "source" term within the framework of the Kantarovitch' s method consists of the f1 -, f2 - and f3 - functions,
which are integrated products of the Q-term and the variationa derivatives of Al (i.e. the ul-, u2- and u3-
functions):
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fl=Integrate[Expand[Q=ul], {t, -o, o}, Assunptions -t € Real s & T[X] € Real s &&
T[X] >0&& a[x] € Real s & a[x] > 0&& ¢[x] € Real s &&E > 0&& £ € Real s]

f2 =Integrate[Expand[Qxu2], {t, -o, o}, Assunptions -t € Real s & T[X] € Real s &&
T[x] >0&& a[Xx] € Real s && a[x] > 0&& ¢[x] € Real s && ¢ > 0 && € € Real s]

f3 =Integrate[Expand[Qxu3], {t, -o, o}, Assunptions -t € Real s & T[X] € Real s &&
T[X] > 0&& a[x] € Real s & a[x] > 0&& ¢[x] € Real s &&E > 0&& £ € Real s]

; 2pTa[X]
-1 +

3T[(x] +60T[x]%2a[x]?

1+gax]2-a[x] [ £ (1+L a[x]?) ]

uLOg{
1+ a[x]?+alx] A/ & (1+& alx]?)
T[x] |- +o[X]

¢ (1+calx]?)

2p
2T -2 u - J

1+20T[x] a[x]?

1 1
Th —u(n2+6P0IyLog{2, 1/ (—1—2§o<[x]2+2a[x] ¢ (L+carx)?) )]+
<
6Po|yLog{2, -1/ (1+2§a[x]2+2a[x] ¢ (L+carx)?) )])+
30 0T
4a[x]?|37-3u- =
1+20T[x]a[x]? T[x]% (1+20T[x] a[x]?)
2ptTalX]
alX] |- +
3T[(x] +60T[x]%2a[x]?
uLog{hEamZﬂM ¢ (1+ga[x]?) ]
1+Ca[x]?+alx] A/ & (1+& alx]?) 0
T[x] +2a[X] [-T+pu+

¢ (1+calx]?) 1+20T[x] a[x]?

Thus, the "driven” Euler-Lagrange equations are (NB: the right-hand sides, or "source" terms, are 2 Re[f]):
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funl =eql[[1]] ==
fun2 =eq2[[1]] ==
fun3 =eq3[[1]] =23

2a[x] (B-2T[x]2 (2yal[x]?+3¢'[x]))

=0
3T[x]
a[x]1? (B+2T[x]? (ya[x]?+3 ¢ [x])) o
3T[x]? N
2ptTalX]
2a[X] (a[X] T'[X] +2T[x] a'[X]) =2a[X] |- +

3T[x] +60T[x]%2a[x]?

{1+§a[x]2—a[x] € (1+calx]?) ]

1+gax]2+a[X] A/ € (1+L a[x]?)
T[X] +2 a[X]

¢ (1+calx]?)

Jo)

-+ u+

1+20T[x] a[x]?

Soliton (steady-state chirp-free pulse)

The soliton parameters are x-independent (except the phase ¢)
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fun3 /. {a’'[X] » 0, T'[x] » 0}
fun3b = (((%[[2]1]) /2 / a[X]) /. {a[X] »a, T[X] »T}) =
Solve[{(funl /. {a[X] »a, T[Xx]>T}), (fun2 /. {a[X] »a, T[X] >T})}, {&[x], T}]

¢ (1+zalx]?)

HLO {1+D¢2§—a §(l+a2§) }
2apt Jo) 1+02 Lran[ € (1+a? E)
o o o +T (20 |-T +pu+ 5 + =
3T+6T-a* o 1+2Taco §(1+a2§)
(o8, 15 ﬁ} (o> 15 3 I

2 avy 2 oy

Thus, one has solutions for the phase slip dyx ¢ and the soliton width T. The equation for the soliton amplitude
remains

fun3b
+ol - +0?
uLog{laﬁa 5(10(5)}
2apT 0 1+02 C+a+ € (1+02 €)
7ﬁ+1— 2a [-T+pu+ 5 + =
3T+6T a0 1+2To% o §(1+oz2§)

The crucial step is to renormalize the inverse squared gain-bandwidth to that for a saturated gain. That is
Tnew = —=—2¢ _ Then, let us introduce the saturated net gain coefficient ==—2,— - T. This term can be

1+2%To l+o?o

expanded in the vicinity of 0, so that the leading term can be expressed in the form of 6—5, where ¢ is the parameter

expressed through the initial gain and the net-loss[V.L.Kaashnikov, et al., Applied Physics B 83, 503 (2006)], E is
the soliton energy, and E is the cw-energy. Then, the modified equation is
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Log
2t 1+a? C+a §(l+oz2 §)
fun3c = - +23 + u |2 + /. 26

£ a? (1+a2§)

l+a? E-a/ C (l+a2 g)
[ ]
a?T \/?

/T—) ==

[
Q
9

Lo { 1+a2 C-a+/ C (l+or2 §) }
4 o B 1) 2 2 1+02 C+a 1+02
\ acy T § ¢ ( g)

Y & 36 o (1+02¢)

e L et’sthe power to be normalized to ¢ and c=7y/B{ is some new control parameter. E is the cw-energy
normalized to Z/v t . Then

l+a —a 1+a? ]
4asd l+a +a\ 1+a?
fun3d = - +u |2+ =
Ve = '\/ 1 +a?
LOg [ 1+a? a‘\/ ]
2 a2 Cc lva®+a V1
fun3e =2z - vul2+ i =0
s 2 (l + a2)
Log l+o?-a 1+a? }
2co? 4oo l+o2+a 1+a2
- + + U2+ =
3 Jos 2 (1+a2)
I_Og 1+o2-a [/ 1+a? ]
2co? l+o2+a\/ 1+a?
- +23+pu |2+ ==
< o (1+a?)

In the last equation, we restored X because the marginaly stable solution (i.e. the solutions with £=0) will be
considered hereinafter. As aresult, one can obtain the dependencies of the normalized soliton energy and width on

the c-parameter. The energy is normalized to {/\/7, the width is normalized to /7 . It should be noted, that 7 is
the renormalized parameter taking into account the gain saturation, that is the inverse squared gain-bandwidth
multiplied by the saturated gain coefficient. But the last equas approximately to I'. Hence 1y = 1ogxI. If the
main source of spectral dissipation is a spectra filter, then the gain saturation does not contribute to this process
and Thew = Told-

Below, we plot the master diagram c vs. E for 2=0 (the solitons are stable below the curve corresponding to 2=0),
and the dependence of the half-amplitude pulse duration on the energy.



variational_soliton.nb | 9

startc = 0. 000001; (xscaling of the c-paranmeter starts fromthis val uex)
finc =0.1; («scaling of the c-paraneter stops at this val uex)
steps = (finc-startc) /startc; (xStep-si zex)

sol 1 = Tabl e[
{c, FindRoot [fun3e /. {u->0.02, = -0}, {a 1000}, Maxlterations -»500]1[[11]1[[2]11},
{c, startc, finc, startc}]; (xsaturable | oss coefficient u=0.02%)

(xc-scal ing and search of soliton anplitudesx)

par = Table[sol 1[[i11[[111, (i, 1, steps}]; (xtable of c-val uesx)

sol2=TabIe[{ ]/. {a->sol 1[[i 11[[2]1, ¢ » par [[i 11}, (i, 1, steps}];
ave

(xtabl e of soliton wi dthx)

sol 3 =Table[2* (sol L[[i11[[2]1]1)"2=*sol2[[i]], {i, 1, steps}];

(xtabl e of soliton energiesx)

sol 1b = Tabl e[
{c, FindRoot [fun3e /. {u-»0.04, = -0}, {a 1000}, Maxlterations - 500]1[[11]1[[2]11}.
{c, startc, finc, startc}]; (»saturable | oss coefficient u=0.04x)

sol 2b=TabIe[[ ] /. {a>sol1b[[i]]1[[2]], c »par[[i]]}, (i, 1, steps}];
avec

(»tabl e of soliton wi dths)

sol 3b = Tabl e[2 % (sol 1b[[i 1]1[[2]1]1)"2=sol2b[[i]1], {i, 1, steps}];

(xt abl e of soliton energiesx)

FindRoot:Istol :
The line search decreased the step size to within tolerance specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit function. You may need more

than MachinePrecision digits of working precision to meet these tolerances. >

FindRoot:Istol :
The line search decreased the step size to within tolerance specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit function. You may need more

than MachinePrecision digits of working precision to meet these tolerances. >

FindRoot:Istol :
The line search decreased the step size to within tolerance specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit function. You may need more

than MachinePrecision digits of working precision to meet these tolerances. >
General:stop : Further output of FindRoot::Istol will be suppressed during this calculation. >

FindRoot:Istol :
The line search decreased the step size to within tolerance specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit function. You may need more

than MachinePrecision digits of working precision to meet these tolerances. >

FindRoot:Istol :
The line search decreased the step size to within tolerance specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit function. You may need more

than MachinePrecision digits of working precision to meet these tolerances. >
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FindRoot:Istol :
The line search decreased the step size to within tolerance specified by AccuracyGoal and PrecisionGoal but was
unable to find a sufficient decrease in the merit function. You may need more

than MachinePrecision digits of working precision to meet these tolerances. >

General:stop : Further output of FindRoot:Istol will be suppressed during this calculation. >

® Asymptotical behavior of the stability border for E-~co can be approximated by the dimensionless law:

. 3.5;/7
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Show[Li st Pl ot [Tabl e[{Logl0[sol 3[[i 111, LoglO[par [[i111}, {i, 1, steps}],

Pl ot Range » {{-3, 6}, {-6, -1}}, Joined -» True, AxesLabel - {l g[Energy], I g[c]}],
Li st Pl ot [Tabl e[{Log10[sol 3b[[i]]1], LoglO[par [[i11]1}, {i, 1, steps}],
Pl ot Range » {{-3, 6}, {-6, -1}}, Joined -» True, AxesLabel - {l g[Energy], I g[c]}],

Pl ot [LoglO[3.5\/7/ :] /. {u-0.02, =10}, {x, -3, 6}],

Pl ot [LoglO[3.5«/u/E] /. {u>0.04, 210}, {x, -3, 6}”
(xstability threshol d: maxi numc vs. energysx)
Show[

Li st Pl ot [Tabl e[{LoglO[soI 3[[i11]1, sol2[[i]] *2*N[ArcSech[%”}, {i, 1, steps}],
2

Pl ot Range » {{-3, 6}, {1, 100}}, Joined » True, AxesLabel - {l g[Energy], T}],

Li st Pl ot [Tabl e[{LoglO[soI 3b[[i]11, sol2b[[i]] *2*N[ArcSech[i]]}, {, 1, steps}],
2

N
Pl ot Range » {{-3, 6}, {1, 100}}, Joi ned -» True, AxeslLabel - {l g[Energy], T}”
(xFWHM-wi dt h of soliton vs. energy at the threshol dx)

lg(c)
[ ¥

_al

. . . . . . . . . . . . I |g(Energy)
-2 0 2 4 6

| |gEnergy
6

e Thus, we obtained the scaling law for the asymptotic energy of soliton along the stability border (zero isogain):
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3.5vu B
Ex ——— (1)
VT ¥
e and the corresponding asymptotic pulse amplitude and width are
3.5 B
smve[{zaZT ==ﬂ, T == \/_ } {a, T}] // Full Sinplify

Ve ¥ av/y

1.75+/B /1t . 0.571429+ ¢t
- , -
vy VT Vi

(e })

e NB: the asymptotic soliton width is defined by only inverse gainbandwidth and modulation depth.

2) Cubic-quintic nonlinear gain

Now, let’'s consider a “driven” system with saturable gain, loss, spectra dissipation and cubic-quintic nonlinear

. RPN . p . . .
gain term: Q= -il'A + v rvep (A +70 A) +ik(AAL - {(AA1)?) A. Here T is the net-loss for asmall signal, p

isthe initia gain, o is the inverse energy of gain saturation, 7 is the squared inverse gain-bandwidth, u is the
saturable absorber modulation depth, « is the inverse loss saturation power. The loss saturation is saturable by-turn
(¢-term), so that the minimum of saturable loss (modulation depth coefficient )

(xx-xgx?) /. Solve[dy (xx-x&x?) =0, x][[11]1[[1]]

4c

is reached, when the power becomes

Sol ve[dy (xx -x&x?) =0, x][[111[[111[[2]]

1

2¢

The Q-term and the functional derivatives of the complex-conjugated field are
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Q=-1TA[X, t]+
ip/ (l+olntegrate[A[x, t]*AL[x, t], {t, -, o}, Assunptions »t € Real s &&
T[x] € Real s & T[x] > 0&& a[x] € Real s & a[x] > 0&& ¢[x] € Real s]) =
(AIX, t1+Td (A[X, t]) +ix (A[X, t] *AL[X, t] -8 (A[X, t] *AL[X, t])?) AlX, t]
ul = Vari ational D[AL[x, t], a[Xx], X]
u2 = Vari ational D[AL[x, t], T[Xx], X]
u3 = Variational D[AL[x, t], ¢[Xx], X]

7iew[xJPSech[ : }}a[x}+
X
jeﬁa[leSeCh[ [t}}a[x] Sech[ [t]]za[x]z—§Sech{ E]]Aa[xﬁ u
X X X
i9[x] Sech |t
i p | e o0 Sech[ t ]a[x]+t _e ec [T[x } a[X] )

ei00x] ¢ SeCh{ﬁ] Tanh[ﬁ} alx]

The "source" term within the framework of the Kantarovitch' s method consists of f1 -, f2 - and f3 - functions,
which are integrated products of the Q-term and the variational derivatives of Al:
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fl=Integrate[Expand[Q=ul], {t, -o, o}, Assunptions -t € Real s & T[X] € Real s &&
T[X] >0&& a[x] € Real s & a[x] > 0&& ¢[x] € Real s &&E > 0&& £ € Real s]
f2 =Integrate[Expand[Qxu2], {t, -o, o}, Assunptions -t € Real s & T[X] € Real s &&
T[x] >0&& a[Xx] € Real s && a[x] > 0&& ¢[x] € Real s && ¢ > 0 && € € Real s]
f3 =Integrate[Expand[Qxu3], {t, -o, o}, Assunptions -t € Real s & T[X] € Real s &&
T[X] > 0&& a[x] € Real s & a[x] > 0&& ¢[x] € Real s &&E > 0&& £ € Real s]
2 50(t—3T[X}2)
—— da[x] [15TT[x] —10x T[x] a[x]?+8CxT[x] a[x]*+
15 Tix] (1+20T[x] a[x]?)
1 150<7:+3T[X]2)
—— ia[x]? |45T-15xa[x]?+8 Cxa[x]* -
45 T(x]2 (1+20T[x] a[x]?)
2 5p (t-3T[x]?)
— a[X]%|-15TT[X] +10 Kk T[X] a[X]2-8CKxT[Xx] a[x]* -
15 T[x] (1+20T[x] a[x]?)

Thus, the "driven” Euler-Lagrange equations are (NB: the right-hand sides, or "source" terms, are 2 Re[f]):

funl =eql[[1]] ==
fun2 = eq2[[1]] ==
fun3 =eq3[[1]] =2f3

2a[x] (B-2T[x]2 (2yal[x]?+3¢'[x]))

=@
3T[x]

a[x]? (B+2T[x]? (ya[x]12+3 ¢ [x])) 0
3T[x]? 7

2a[X] (a[X] T'[x] +2T[x] a'[X]) =

4 5p (t-3T[x]?)

— a[X]% |-15TT[X] +10k T[X] a[Xx]%2-8CxT[x] a[x]?* -

15 T[x] (1+20T[x] a[x]?)

Soliton (steady-state chirp-free pulse)

The soliton parameters are x-independent in this case (except the phase ¢)
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fun3 /. {a’'[X] » 0, T'[x] » 0}
fun3b = (((%[[2]1]) /2 / a[X]) /. {a[X] »a, T[X] »T}) =
Solve[{(funl /. {a[X] »a, T[Xx]>T}), (fun2 /. {a[X] »a, T[X] >T})}, {&[x], T}]

4 5p<t—3T[X]2)
0=—a[x]?2|-15TT[x] +10x T[x] a[x]2-8¢xT[x] a[x]* -
15 T(x] (1+20T[x] alx]?)
5p (-3T2+1)
— a|-15Tr+10To?x-8Ta* Ex-———— | =0
T(1+2Tot20)

{(b' [X] - - , T }}

2 oy
Thus, one has solutions for the phase slip dyx ¢ and the soliton width T. The equation for the soliton amplitude
remains

2 avy

fun3b

5p (-3T2+1)

2
— a |-15Tr+10To?x-8Ta* Ex - -0
15

T(1+2Tot20)

The crucia step is to renormalize the inverse squared gain-bandwidth to that for a saturated gain. That is

PTod_ Then, let usintroduce the saturated net gain coefficient == - T < 0. Thisterm can be

Tnew = 1775 27,

Je}
14202 To
expanded in the vicinity of 0 (see previous section). Thus, the modified equation is

T 4
fun3c = Ful | Si nplify[ (3Tz-—+2xTa2 (1——;0:2]] /. T
T 5

-8a*BCk+15B2+50% (2BKx-yT)

50(\/E\/7

-0

e Let’'sthe power to be normalized to ¢ and c=1y/Bk is some new control parameter. E is the cw-energy
normalized to / k £/ , and the pulse width is normalized to 4/ /7 . Then (P is the power)
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fun3d = -8P?BEk+15B82+5P (2Bx-yt) =

2 e 28 -
-8P°+15 +5P (2 -c¢) =
x

fun3e

Sol ve[fun3e, P]

5 96 ¢ =
solPl=— [2-c-,[(c-2)2+— —
5

B 96 £=
solP2=— |2-c+.[](c-2)2+— —
5

sol P1 T A\ B sol P1
/

/. T

g i ||| 3

«/5_\/2-“\/
2

(-2+C)%+
Ve

‘/?\/2—0—\/(—2+C)2+
2+c

-8P?BCKk+15B85+5P (2B8x-yt) =0

FuIISianify[Z

96 ¢=
5k

[z
iy
I

96 L=
5k

[z
N
1

15
5(2-c)P-8P?+ =0

10x-5cx-~/ (-10x+5Cx)2+480 Cx =

- 16 x b

10k -5ck+~/ (-10k+5CK)2+480 Cx =

P -

{ T 3
5 96 ¢ =

— |2-c- | (-2+c)%+

16 5 x

5 96 ¢ 5

— |2-c+ | (-2+c)%+

16 5 x




<

1045+ [ 25 (-2+c)2+ 2282
2 /3 —

2~y
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\/5_\/2C+\/(2+C)2+965iy

2+c

ﬁjzc\/<2+c>2+%

2+c

One can see that two solutions (two soliton branches) exist.

The solution for the saturated net-gain is

) =
Solve[(—2+c) + =0, 2][[1]][[1]]

5k

5 (-2+c)2«x
96 ¢

2= =

that gives the normalized energy curve separated both branches:

5(-2+C)?%x
Ful | Si rrplify[El /. 2—)——]
96 £
VB V2 ¢
2+/c

These solutions alow plotting the two-dimensional representation of the soliton parametric space (master dia-

gram). Such adiagram is shown below in linear and logarithmic scales for =0 and -0.005.

e Thecurve E= / —i gives agood zero-gain asymptotic for E—co.
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1 5(2-c¢)
Pl ot [{:1 /. 250, — 1/— , 81 /. {(x->0.04, £-0.04/4/0.015, =- -0.005},
2 c

fs
E2 /. {k-0.04, £-50.04/4/0.015, = -0.005}, .|— }
C

{c, 0, 2}, AxeslLabel - {c, Energy}]

1 |5 (2-c)
Pl ot [{LoglO[El] /. {£-0, c- 10}, Loglo[— - - ] /. ¢ -» 10,
2 c

Logl0[=1] /. {c » 10%, x> 0.04, £€-0.04 /4 /0.015, £ - -0. 005},
Logl0[=2] /. {c » 10%, x > 0.04, £€-0.04 /4 /0.015, £ - -0. 005},

’5
LoglO[ — ] /. c-»lox}, {x, -5, 1}, AxesLabel - {l 0ogl0][c], IoglO[Energy]}]
c

log1Q(Energy)

.1 |oglQc)
1

It isinteresting, that the master diagram for the chirp-free soliton resembles that for the chirped dissipative soliton
developing in the normal dispersion regime [V.L.Kaashnikov, et a., Applied Physics B 83, 503 (2006) but there

exists no the dissipative soliton resonance [W.Chang, et a., Phys. Rev. A 78, 023830 (2008)] for a chirp-free
soliton.



variational_soliton.nb | 19

e Hence, the asymptotic scaling law is

20 5
E = 2 2)

XY Cy

e and the corresponding pulse amplitude and width are

20upB \/?

Sol ve[{z T == T
KY a'\/?

VBT B [
> —F, T }}
B V5 u

e NB: the asymptotic soliton width is defined by both nonlinear parameters and dispersion (not gain bandwidth).

}, {a, T}] // FullSinplify

te

The dimensionless soliton width evolves with ¢ as

1

Pl ot[ Loglo[ ]/. a-solP2 | /. {20, c 10}, {x, -5, 1},

a Cc

AxeslLabel - {l ogl0[c], |1 0gl0[T]}, AxesLabel - {lg[c], | g[T]}]

10g10(T)
25+

T S e o' [0 (0]
1

As one can see from the previous picture, the energy scaling mechanisms in for the cubic-quintic nonlinear
Ginzburg-Landau is similar for both anomalous and norma dispersion regimes: the scaling is provided by pulse
stretching. The peak power isfixed by the quntic term provided the saturation of nonlinear gain:
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Pl ot [sol P2 /. {=-50, ¢ » 10"}, {x, -5, 1}, AxesLabel - {l 0ogl0[c], P}]

=]

12f
100
08
06}
04

02f

(9]
1

Rough estimation of the self-amplitude modulation parameters

The self-amplitude modulation parameters cannot be calculated “ab ovo” but some rough estimation can be
obtained analytically [H.A. Haus, et al., IEEE J. Quantum Electr. 28, 2086 (1992); K.-H. Lin, W.-F. Hsieh, J. Opt.
Soc. Am. B 11, 737 (1994); Sh. Yefet, A. Pe'er, Appl. Sci. 3, 694 (2013)]. We will consider a simplest monolithic
Kerr-lens mode locking system, which fits for distributed model under consideration. It can be reduced to afree-
space propagation model for a Gaussian beam by rescaling of the imaginary part of g~1-parameter:

1 A

B o — e 1-K
Jdo 7 W2

1 1V1I-K X

do 7T W8

where K= chr , P isthecritical power of self-focusing and wy isthe waist size on input (plane wave).

Then, the quasi -free-space propagation on the distance z resultsin anew g-parameter, which equals to

it wg

F2 = (qo+z) /. Qo » -~ ———

V1-K 2
i T Wg
2_7
VI-K 2

The imaginary part of g~ hasto be inversely rescaled:
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i wg
Numerator [1/F2] % |z + ————
V1-K 2
- . i wh
FullSlrrpllfy[Denomnator [1/F2] % |z + ——— ]
V1-K 2

F3 = Expand [%% / %]

i 7t W
zZ+—
V1-K 2
2
T
o V6
(-1 +K) a2
z i 7 WR
+
2 72w / 2 2wl
z T (C1+K) 22 1_K)L(Z T K)AZ)
W
F4 = " / 1-K
—\/ 2 T Wo
l_KA(Z _(-1*K)/\2)
70
2 * W
(1—K)/\(z - (71+K))\2)

Then, the new imaginary part of g-parameter is:

T W
F5 = —— =Full Sinplify[l/F4]
Py

7T WP (-1+K)z2x nwWg

_ = - 4

A 7'(W(2) A

Hence, anew sguared beam sizeis

Full Sinplify[Solve[F5 /. W »x, x]][[111[[1]1] /. x » W

-1+K)z? 22
wo BN
72 W8

The loss on aperture can be estimated as L=¢~P*/" where D isthe gperture size and




22| variational_soliton.nb

D D’
F6=E==f
(1-K) z2 X
D’ D
h (1-K) 22 22
Vo v

After some manipulations, one has

Col | ect [Expand [Denomi nator [F6[[2]11]1], K]

Coef ficient [%, K] (xpower -dependent part %)

F7 = Coefficient [%% K, 0] (xpower -i ndependent part x)
F8 =1+%%xK/F7

z2 2 Kz?2 2

45

mews P wg
z2 )2
712 W8
z2 )2
.
712 W3
Kz2 )2
l _

2 g (s + vé)

F9=F7 / D2 can be considered as the saturable | oss coefficient (modul ation depth) i

wg * Expand [F7 / wg]
F9 = (»u-coef ficient %)

This coefficient corresponds to a linear beam propagation and, since z-distance from a nonlinear medium to an
apertureis quite large (i.e. the second term in denominator >>1) one may estimate the modulation depth as

wg Numer ator [FO1[[1]1[[2]]
D?

(»nodul ati on depth ux)

22 )2

D 72 W@

e which isinversely proportional to wo=2. That isathin waist causes alarger beam diffraction.

The nonlinear contribution to a loss coefficient can be estimated as (a nonlinear medium is thin and one may
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neglect the diffraction inside it):

v6 F8[[2
-— =F8[[2]]
D?

Expand [Denomi nator [%]] /. z - 0
Nuner at or [%%] / %

Kz2 )2

D 2 (j;;;wg)

D 72 W2

Kz2 )2
D? 72 g

e Hence, aself-amplitude modulation contribute as ccwo =2

Conclusion

The scaling laws for two types of self-amplitude modulation in amodel of Kerr-lens mode locked laser operating in
anomal ous dispersion regime have been obtained:

E = %\/’TB , T= % , Px 37’3“ for a perfectly saturable absor ber
Ty N t

and
E= \/M - \/ﬁ , T=, , £xp 2 for cubic-quintic model of a saturable absor ber
xY gy Syu x

For both types of models, both energy and pulse width scale with awaist size in a nonlinear medium as o« Wy (0ne
has note that y scales as wy?). An asymptotical power is not beam size dependent for both models.

Main differences can be classified in the following ways:

1) energy scales with dispersion more rapidly for a perfectly saturable absorber; spectra dissipation isirrelevant for
the energy scaling in a cubic-quintic model

2) pulse width scaling is defined by bandwidth/dispersion for perfectly saturable/cubic-quintic models, respectively
3) asymptotic power for a cubic-quintic model is defined by nonlinear gain saturation. However, it is defined by the
combined action of dispersion, self-phase modulation and spectra dissipation for a perfectly saturable absorber
model.




